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THE MAXIMAL DECOMPOSITION OF THE TURAEV-VIRO
TQFT
JÉRÔME PETIT
Abstrat. In [3℄ we have built an homotopial Turaev-Viro invariant and an
HQFT from the universal graduation of a spherial ategory. In the present
paper, we show that every graduation (G, p) of a spherial ategory C denes
an homotopial Turaev-Viro invariant HTV
(G,p)
C
and an HQFT H
(G,p)
C
. Fur-
thermore we show that the Turaev-Viro TQFT will be split into bloks oming
the HQFT H
(G,p)
C
. We show that this deomposition is maximal for the uni-
versal graduation of the ategory, whih means that for every graduation (G, p)
the HQFT H
(G,p)
C
is split into bloks oming from the HQFT obtained from
the universal graduation.
1. Introdution
The Turaev-Viro invariant [6℄ is a quantum invariant of 3-manifold with bound-
ary. In the original onstrution, Turaev and Viro used the quantum group Uq(sl2)
to build this invariant. In [1℄ and [2℄, the authors generalize the onstrution to
spherial ategories with invertible dimension. A spherial ategory is a semisimple
sovereign ategory over a ommutative ring k suh that the left and right traes o-
inide. The dimension of a spherial ategory is the sum of squares of dimensions of
simple objets. The Turaev-Viro invariant of a losed 3-manifold M is a state-sum
indexed by the olorings of a triangulation of M . The olorings of a triangulation
T are maps from the set of oriented 1-simplexes to the set of salar objets (up to
isomorphism) of a spherial ategory C. The set of olorings of a triangulation T is
denoted Col(T ). The Turaev-Viro invariant is :
TVC(M) = ∆
−n0(T )
C
∑
c∈Col(T )
wcWc ∈ k ,
where ∆C is the dimension of the ategory, n0(T ) is the number of 0-simplexes of
T , wc is a salar obtained from the oloring of the 1-simplexes and the trae of the
ategory and Wc is a salar obtained from the 6j-symbols of the ategory.
The Turaev-Viro invariant extends to a Topologial Quantum Field Theory (TQFT)
[5℄ alled Turaev-Viro TQFT. In dimension 2+1, a TQFT assigns to every losed
surfae a nite dimensional vetor spae and to every obordism a linear map. In
[3℄, we show that the Turaev-Viro TQFT omes from an HQFT. An Homotopial
Quantum Field Theory [4℄ (HQFT) is a TQFT for surfaes and obordisms en-
dowed with homotopy lasses of ontinuous map to a target spae X . Roughly
speaking, the Turaev-Viro TQFT splits into bloks oming from an HQFT [3℄. To
obtain this deomposition, we assign to eah spherial ategory C a group ΓC whih
omes from the universal graduation (ΓC , |?|) of the ategory. A graduation of a
semisimple tensor ategory is a pair (G, p) where G is a group and p is a map from
G to the set of isomorphisms lasses of salar objets suh that p(Z) = p(X)p(Y )
if Z is a salar subobjet of X ⊗ Y . Using the group ΓC we dene an homotopial
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invariant HTVC alled the homotopial Turaev-Viro invariant. This homotopial
invariant will split the Turaev-Viro invariant. More preisely, we observe that every
oloring c of a triangulation T of a losed 3-manifoldM leads to an homotopy lass
xc ∈ [M,BΓC ], where BΓC is the lassifying spae of the group ΓC and [M,BΓC ]
is the set of homotopy lasses of ontinuous map from M to BΓC . These remarks
lead to the following homotopial invariant of losed 3-manifolds :
HTVC(M,x) = ∆
−n0(T )
C
∑
c∈Col(T )
xc=x
wcWc ,
where x ∈ [M,BΓC ]. In [3℄ , we show that the homotopial Turaev-Viro extends to
an HQFT with target spae BΓC denoted HC and we obtain the following deom-
position of the Turaev-Viro TQFT VC:
VC(Σ) =
⊕
x∈[Σ,BΓC]
HC(Σ, x) ,
for every losed and oriented surfae Σ.
The motivation for this paper was to study the maximality of this deomposition.
More preisely, we want to dene other deomposition of the Turaev-Viro TQFT
and ompare them. To fulll this objetive, we will assoiate to every graduation
of a spherial ategory an HQFT with target spae the lassifying spae of the
graduation. This HQFT will give the blok of the deomposition of the Turaev-
Viro TQFT and it will be an extension of an homotopial invariant assoiated to
a graduation of C. More preisely, for every graduation (G, p) of C we build an
homotopial Turaev-Viro invariant and this invariant will split the Turaev-Viro
invariant:
Theorem 4.3. Let C be a spherial ategory with an invertible dimension, M be 3-
manifold, Σ be the boundary of M and T0 be a triangulation of Σ. For every oloring
c0 ∈ Col(T0) and for every homotopy lass x ∈ [M,BG]Σ,xc0 , where xc0 ∈ [Σ, BG]
is obtained from c0, the vetor :
HTV
(G,p)
C (M, c0, x) = ∆
−n0(T )+n0(T0)/2
C
∑
c∈Colc0,x(T )
wcWc ∈ VC(Σ, T0, c0)
is an invariant of the triple (M,x, c0). We have the following equality:
(1) TVC(M, c0) =
∑
x∈[M,BG]Σ,xc0
HTV
(G,p)
C (M, c0, x) .
Using the universal property of the universal graduation, we an ompare the
deompositions of the Turaev-Viro invariant obtained from a graduation (G, p) and
from the universal graduation. The universal property of the universal graduation
indues a group morphism f : ΓC → G. The group morphism f indued a map F :
[M,BΓC ]→ [M,BG], using this map we show that for every graduation (G, p) the
homotopial Turaev-Viro invariant HTV
(G,p)
C omes from the homotopial Turaev-
Viro invariant HTV
(ΓC,|?|)
C :
Corollary 5.3. Let C be a spherial ategory with an invertible dimension, M be
a 3-manifold, Σ be the boundary of M and T0 be a triangulation of Σ. For every
graduation (G, p) of C, one gets:
TVC(M, c0) =
∑
x∈[M,BG]
HTV
(G,p)
C (M,x, c0) ∈ VC(Σ, T0, c0)
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with c0 ∈ Col(T0), and
HTV
(G,p)
C (M,x, c0) =
∑
y∈F−1(x)
HTV (ΓC,|?|)(M, y, c0) ,
where F is the map indued by the universal graduation (ΓC , |?|).
For every graduation (G, p) of C, we prove that the homotopial invariantHTV
(G,p)
C
extends to an HQFT H
(G,p)
C with target spae BG and we show that for every grad-
uation (G, p) the HQFT H
(G,p)
C will split the Turaev-Viro TQFT:
VC(Σ) =
⊕
x∈[Σ,BG]
H
(G,p)
C (Σ) ,
for every losed and oriented surfae Σ. Using Theorem 4.3 and Corollary 5.3,
we show that the deomposition of the Turaev-Viro TQFT given by the universal
graduation is maximal:
Theorem 7.1. Let C be a spherial ategory, (G, p) be a graduation of C. The
Turaev-Viro HQFT obtained from the graduation (G, p) is deomposed in the fol-
lowing way:
V
(G,p)
C (Σ, x) =
⊕
y∈F−1(x)
V
(ΓC,|?|)
C (Σ, y) ,
for every losed surfae Σ, and for every x ∈ [Σ, BG], the map F : [Σ, BΓC ] →
[Σ, BG] is the map obtained from the universal graduation (Lemma 5.1).
The rest of the paper is organized as follows. In Setion 2, we review several fats
about monoidal ategories and we dene the universal graduation of semisimple ten-
sor ategories. In Setion 3, we reall the onstrution of the Turaev-Viro invariant.
In Setion 4, we will build an homotopial Turaev-Viro invariant for every gradu-
ation (G, p) of a spherial ategory C. Furthermore we show that the homotopial
Turaev-Viro invariant HTV
(G,p)
C splits the Turaev-Viro invariant (Theorem 4.3).
In Setion 5, we ompare the dierent splittings of the Turaev-Viro invariant. We
show that The Turaev-Viro invariant and the homotopial Turaev-Viro invariant
are obtained from the homotopial Turaev-Viro invariant HTV
(ΓC,|?|)
C (Corollary
5.3). In Setion 6, we extend the homotopial invariant build forma graduation to
an HQFT. The target of this HQFT will be the lassifying spae of the graduation.
In Setion 7, we prove Theorem 7.1, it follows that the Turaev-Viro TQFT and the
Turaev-Viro HQFT obtained from any graduation of C are deomposed into bloks
whih ome from the Turaev-Viro HQFT obtained for the universal graduation.
Notations and onventions. Throughout this paper, k will be a ommutative,
algebraially losed and harateristi zero eld. Unless otherwise speied, ate-
gories are assumed to be small and monoidal ategories are assumed to be strit
and spherial ategories are assumed to be strit.
Throughout this paper, we use the following notation. For an oriented manifold
M , we denote by M the same manifold with the opposite orientation.
2. Graduations of tensor ategories
In the present Setion, we review a few general fats about ategories with stru-
ture, whih we use intensively throughout this text.
Let C be a monoidal ategory. A duality of C is a data (X,Y, e, h), where X
and Y are objets of C and e : X ⊗ Y → 1 (evaluation) and h : 1 → Y ⊗ X
(oevaluation) are morphisms of C, satisfying:
(e ⊗ idX)(idX ⊗ h) = idX and (idY ⊗ e)(h⊗ idY ) = idY .
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If (X,Y, e, h) is a duality, we say that (Y, e, h) is a right dual of X , and (X, e, h) is
a left dual of Y . If a right or left dual of an objet exists, it is unique up to unique
isomorphism.
A right autonomous (resp. left autonomous, resp. autonomous) ategory is a
monoidal ategory for whih every objet admits a right dual (resp. a left dual,
resp. both a left and a right dual).
If C has right duals, we may pik a right dual (X∨, eX , hX) for eah objet X .
This denes a monoidal funtor ?∨∨ : C → C dened by X 7→ X∨∨ and f 7→ f∨∨,
alled the double right dual funtor.
Sovereign ategories. A sovereign struture on a right autonomous ategory C
onsists in the hoie of a right dual for eah objet of C together with a monoidal
isomorphism φ : 1C →?∨∨, where 1C is the identity funtor of C. Two sovereign
strutures are equivalent if the orresponding monoidal isomorphisms oinide via
the anonial identiation of the double dual funtors.
A sovereign ategory is a right autonomous ategory endowed with an equivalene
lass of sovereign strutures.
Let C be a sovereign ategory, with hosen right duals (X∨, eX , hX) and sovereign
isomorphisms φX : X → X∨∨. For eah objet X of C, we set :
ǫX = eX∨(idX∨ ⊗ φX) and ηX = (φ
−1
X ⊗ idX∨)hX∨ .
Then (X∨, ǫX , ηX) is a left dual of X . Therefore C is autonomous. Moreover
the right left funtor
∨? dened by this hoie of left duals oinides with ?∨ as a
monoidal funtor. From now on, for eah sovereign ategory C we will make this
hoie of duals.
The sovereign ategories are an appropriate ategorial setting for a good no-
tion of trae. Let C be a sovereign ategory and X be an objet of C. For eah
endomorphism f ∈ Hom C(X,X),
trl(f) = ǫX(idX∨ ⊗ f)hX ∈ HomC(1,1)
is the left trae of f and
trr(f) = eX(f ⊗ idX∨)ηX ∈ HomC(1,1)
is the right trae of f . We denote by dimr(X) = trr(idX) (resp. diml(X) =
trl(idX)) the right dimension (resp. left dimension) of X .
Tensor ategories. By a k-linear ategory, we shall mean a ategory for whih
the set of morphisms are k-spaes, the omposition is k-bilinear , there exists a null
objet and for every objets X , Y the diret sum X ⊕ Y exists in C.
A k-linear ategory is abelian if it admits nite diret sums, every morphism has
a kernel and a okernel, every monomorphism is the kernel of its okernel, every
epimorphism is the okernel of its kernel, and every morphism is expressible as the
omposite of an epimorphism followed by a monomorphism.
An objet X of an abelian k-ategory C is salar if HomC(X,X) ∼= k.
A tensor ategory over k is an autonomous ategory endowed with a struture
of k-linear abelian ategory suh that the tensor produt is k-bilinear and the unit
objet is a salar objet.
A k-linear ategory is semisimple if :
(i) every objet of C is a nite diret sum of salar objets,
(ii) for every salar objets X and Y , we have : X ∼= Y or HomC(X,Y ) = 0 .
A semisimple k-ategory is a semisimple abelian k-linear ategory and every
simple objet is a salar objet. Notie that in a semisimple abelian k-ategory
every salar objet is a simple objet. By a nitely semisimple k-ategory we shall
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mean a semisimple k-ategory whih has nitely many isomorphism lasses of salar
objets. The set of isomorphism lasses of salar objets of an abelian k-ategory
C is denoted by ΛC .
Graduations. Let C be semisimple tensor k-ategory and G be a group. A G-
graduation of C is a map p : G→ ΛC satisfying :
• p(Z) = p(X)p(Y ), for every salar objetsX,Y, Z suh that Z is a subobjet
of X ⊗ Y .
A graduation of C is a pair (G, p), where G is group and p is a G-graduation of
C.
By indution, the multipliity property of a graduation an be extended to n-
terms.
In [3℄, we prove that every semisimple tensor k-ategory admits an universal
graduation:
Proposition 2.1 ([3℄). Let C be a semisimple tensor k-ategory. There exists
a graduation (ΓC , |?|) of C satisfying the following universal property : for every
graduation (G, p) of C, there exists a unique group morphism f : ΓC → G suh that
the diagram:
ΛC
|?| //
p
  A
AA
AA
AA
A
ΓC
f~~}}
}}
}}
}
	
G
ommutes.
Let C be a semisimple tensor k-ategory, the group ΓC whih denes the universal
graduation (ΓC , |?|) is alled the graduator of C. The graduator an be used to
desribe the sovereign (resp. spherial) strutures of a sovereign (resp. spherial)
ategory [3℄.
Example. The graduator of the ategory of representations of nite dimension of
Uq(sln) is Zn
Spherial ategories. A spherial ategory is a sovereign, nitely semisimple ten-
sor k-ategory satisfying:
• for every objet X of C and for every morphism f : X → X : trr(f) =
trl(f).
A spherial struture on C is a sovereign struture on C suh that C is a spherial
ategory.
From now on, for every spherial ategory the left and right trae (resp. dimen-
sion) will be denoted by tr (resp. dim).
The dimension of a spherial ategory is the salar : ∆C =
∑
X∈ΛC
dim(X)2 ∈ k.
From now on, unless otherwise speied, spherial ategories are assumed to have
an invertible dimension.
3. The Turaev-Viro invariant
In this Setion, we reall the onstrution of the Turaev-Viro invariant. For
further reading on the Turaev-Viro invariant, we refer the reader to [6℄ (the orig-
inal onstrution), [1℄ (the onstrution using a spherial ategory), [2℄ and [5℄.
Throughout this Setion, C will be a spherial ategory.
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An orientation of a n-simplex F is a map o : Num(F )→ {±1}, where Num(F )
is the set of numberings of F , invariant under the ation of the alternated group
AN+1 ⊂ SN+1.
Let T be an oriented simpliial omplex, we denote the set of oriented p-simplexes
by T po . A oloring of T is a map c : T
1
o → ΛC satisfying :
(i) c(x1x2) = c(x2x1)
∨
, for every oriented 1-simplex (x1x2),
(ii) the unit objet 1 is a subobjet of c(x1x2) ⊗ c(x2x3) ⊗ c(x3x1) for every
oriented 2-simplex (x1x2x3).
We denote by Col(T ) the set of olorings of T .
Let f be an oriented 2-simplex, c be a oloring of T and ν = (x1x2x3) be a
numbering of f ompatible with the orientation of f . Set :
VC(f, c)ν = HomC(1, c(x1x2)⊗ c(x2x3)⊗ c(x3x1)) .
The vetor spae VC(f, c) does not depend on the hoie of the numbering om-
patible with the orientation (e.g. [1℄, [2℄, [5℄). From now on, the vetor spae
VC(f, c)ν , with ν = (x1x2x3), will be denoted by VC(x1x2x3, c). If there is no
ambiguity on the hoie of the oloring c, then VC(x1x2x3, c) will be denoted by
VC(x1x2x3).
Let us reall some properties of the vetor spae dened above. For every salar
objets X , Y and Z, we set:
ωC : HomC(1, X ⊗ Y ⊗ Z)⊗k HomC(1, Z
∨ ⊗ Y ∨ ⊗ Z∨)→ k∗(2)
f ⊗ g 7→ tr(f∨g) .
For every spherial ategory C, the bilinear form ωC is non degenerate (e.g. [1℄, [2℄,
[5℄). Let f be an oriented 2-simplex, we denote by f the 2-simplex f endowed with
the opposite orientation. Let c be a oloring of f , the bilinear form (2) indues:
VC(f, c)
∗ ∼= VC(f, c).
In the onstrution of the Turaev-Viro invariant, we assign to every oriented
3-simplex of a 3-manifold M , endowed with a oloring, a vetor whih lies in the
vetor spae dened by the faes of the 3-simplex. The vetor assigned to eah
3-simplex is obtained by the 6j-symbols of the ategory. A ontration of these
vetors along the 2-simplexes ontained inside the 3-manifoldM leads to a salar if
the manifoldM is without boundary or to a vetor in
⊗
f∈T 2∂M
VC(f, c) if the manifold
M has a boundary ∂M . We denote this vetor (or salar) by Wc, for every oloring
c.
We introdue some notations. Let Σ be an oriented losed surfae endowed with a
triangulation T0. For every oloring c0 of T0, we set : VC(Σ, T0, c0) =
⊗
f∈T 2
VC(f, c0)
and VC(Σ, T0) =
⊕
c∈Col(T0)
VC(Σ, T0, c). Let M be 3-manifold with boundary Σ and
T be a triangulation ofM suh that its restrition to Σ is T0. For every oloring c0 ∈
Col(T0), we denote by Colc0(T ) the set of olorings of T suh that the restrition
to T0 is c0. With this notation, for every oloring c ∈ Colc0(T ), we have: Wc ∈
VC(Σ, T0, c0). Furthermore we hoose a square root ∆
1/2
C of ∆C .
For every salar objet X of C, we set dim(X)1/2 a square root of dim(X). The
equalities dim(X)1/2 = dim(X∨)1/2 and dim(X) = dim(X∨) ensure independene
of dim(c(e)), dim(c(e))1/2 of the hoie of the orientation of e, for every oloring c.
Theorem 3.1 (Turaev-Viro invariant [1℄, [2℄, [5℄, [6℄ ). Let C be a spherial ategory
with an invertible dimension, M be a ompat oriented 3-manifold and ∂M be the
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boundary of M endowed with a triangulation T0. For every oloring c0 ∈ Col(T0),
we set :
(3)
TVC(M, c0) = ∆
−n0(T )+n0(T0)/2
C
X
c∈Colc0 (T )
Y
e∈T10
dim(c0(e))
1/2
Y
e∈T1\T10
dim(c(e))Wc ∈ V (∂M, c0T0) ,
where n0(T ) (resp. n0(T0)) is the number of 0-simplexes of T (resp. T0) and T
1\T 10
is the set of 1-simplexes of M\∂M . For every oloring c0 ∈ Col(T0), the vetor
TVC(M, c0) is independent on the hoie of the triangulation of M whih extends
T0. The Turaev-Viro invariant is the vetor:
TVC(M) =
∑
c0∈Col(T0)
TVC(M, c0) ∈ VC(∂M, T0) =
⊕
c0∈Col(T0)
V (∂M, T0, c0) .
From now on, for every oloring c ∈ Colc0(T ) we denote by wc the salar∏
e∈T 10
dim(c0(e))
1/2
∏
e∈T 1\T 10
dim(c(e)).
4. The homotopial Turaev-Viro invariant
In this Setion, we will extend the onstrution of the homotopial Turaev-Viro
invariant dened in [3℄. More preisely, the homotopial Turaev-Viro invariant was
built using the graduator of a spherial ategory. Furthermore we will dene an
homotopial Turaev-Viro invariant for every graduation of a spherial ategory with
an invertible dimension.
4.1. G-olorings. Throughout this paragraph C will be a nitely semisimple tensor
k-ategory and G will be a group.
Let T be a simpliial omplex. A G-oloring c of T is a map :
c : T 1o → G
e 7→ c(e),
satisfying :
(i) for every oriented 1-simplex (x1x2) of T : c(x1x2) = c(x2x1)
−1
,
(ii) for every oriented 2-simplex (x1x2x3) of T : c(x1x2)c(x2x3)c(x3x1) = 1 .
We denote by ColG(T ) the set of G-olorings of T .
In [3℄, we dene an ation on the set of G-olorings of T using the gauge group
of T . A gauge of T with value in G is a map δ : T 0 → G and we denote GGT the
gauge group of T with value in G. The ation is dened in the following way:
GGT × ColG(T )→ ColG(T )(4)
(δ, c) 7→ cδ,
where cδ is the G-oloring : cδ(xy) = δ(x)c(xy)δ(y)−1 , for every oriented 1-simplex
(xy). We denote by ColG(T )/GGT the quotient set of ColG(T ) by the ation of the
gauge group GGT . We have the following topologial interpretation of ColG(T )/G
G
T :
Proposition 4.1 ([3℄). Let T be a simpliial omplex, C be a semisimple tensor
k-ategory and G be a group. The map :
ColG(T )→ Fun(π1(T ), G)
c 7→ Fc ,
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where Fc is the funtor whih sends every 0-simplex of T to the unique objet of G
and sends every oriented 1-simplex (xy) to c(xy), indues the following isomorphism
:
(5) ColG(T )/G
G
T
∼= Fun(π1(T ), G)/(iso) ∼= [|T |, BG] ,
where [|T |, BG] is the set of homotopy lasses of ontinuous maps from the topo-
logial spae |T | to the lassifying spae BG.
Let us reall the topologial interpretation of the G-olorings, in the ase of
manifolds with boundary.
Let M be a 3-manifold, Σ be the boundary of M and T0 be a triangulation of
Σ. We set ColG,c0(T ) the set of G-olorings of T suh that the restrition to T0 is
c0. In this ase we onsider the gauge ation whih does not hange the G-oloring
on the boundary, i.e. the restrition of cδ to T0 is c0.
For every funtor F0 : π1(T0) → G, Fun(π1(T ), G)F0 is the set of funtors F
from π1(T ) to the groupoid G suh that the diagram :
π1(T )
F // G
π1(T0) ,
?
i
OO
F0
<<xxxxxxxxx
ommutes, with i is the inlusion funtor. We denote by Fun(π1(T ), G)F0/(iso)
the set of isomorphisms lasses of funtors suh that the restrition of the natural
isomorphisms to π1(T0) is idF0 .
Proposition 4.2. ([3℄) Let C be a semisimple tensor k-ategory, T be a simpliial
omplex and T0 be a subomplex of T . For every oloring c0 ∈ Col(T0), the map:
ColG,c0(T )→ Fun(π1(T ), G)Fc0
c 7→ Fc,
where the funtor Fc sends every 0-simplex of T to the unique objet of the groupoid
G and every oriented 1-simplex (xy) to c(xy), indues the following isomorphism :
(6) ColG,c0(T )/G
G
T ≃ Fun(π1(T ), G)Fc0/(iso) .
From now on, C is a spherial ategory and (G, p) is a graduation on C.
Let us introdue some notations. Let M be a 3-manifold and T be a triangula-
tion of M . By denition of the graduation, for every oloring c ∈ Col(T ), pc is a
G-oloring of T . Then for every x ∈ [M,BG], we denote by Col(G,p),x(T ) the set of
olorings c of T suh that the equivalene lass [pc] in ColG(T )/G
G
T orresponds to x
(bijetion 5). We obtain a partition of the set Col(T ): Col(T ) =
∐
x∈[M,BG]
Col(G,p),x(T ).
If c ∈ Col(T ), we denote by xc ∈ [M,BG] the homotopy lass assoiated to pc.
Let M be a 3-manifold, Σ be the boundary of M and T0 be a triangulation
of Σ. For every homotopy lass x0 ∈ [Σ, BG], we denote by [M,BG]Σ,x0 the set
of homotopy lasses of maps from M to the lassifying spae BG suh that the
homotopy lass of the restrition to Σ is x0. Thus for every oloring c0 ∈ Col(T0)
and for every triangulation T of M suh that the restrition to Σ is T0, we have:
(7) ColG,c0/(G
G
T )
∼= Fun(π1(T ), G)Fc0 /(iso)
∼= [M,BG]Σ,xc0 .
For every oloring c0 ∈ Col(T0) and for every homotopy lass y ∈ [M,BG]Σ,xc0 ,
we denote by Col(G,p),c0,y(T ) the set of olorings c ∈ Col(T ) satisfying :
• cT0 = c0,
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• the equivalent lass [pc] ∈ ColG,c0/G
G
T orresponds to y ∈ [M,BG]Σ,xc0 by
the bijetions (7).
Let us dene the homotopial Turaev-Viro invariant obtained from the gradua-
tion (G, p).
Let M be a 3-manifold, Σ be the boundary of M , T0 be a triangulation of Σ and
c0 ∈ Col(T0). We an break up the Turaev-Viro state sum in the following way:
TVC(M, c0) = ∆
−n0(T )+n0(T0)/2
C
∑
c∈Colc0(T )
wcWc
= ∆
−n0(T )+n0(T0)/2
C
∑
x∈[M,BG](Σ,xc0)
∑
c∈Col(G,p),c0,x(T )
wcWc ,
we set: HTV
(G,p)
C (M,x, c0) = ∆
−n0(T )+n0(T0)/2
C
∑
c∈Col(G,p),c0,x
wcWc.
The vetorHTV
(G,p)
C (M,x, c0) is an invariant for the triple (M,x, c0). The proof
of the invariane is similar to the proof given in [3℄ (Theorem 4.6).
Theorem 4.3. Let C be a spherial ategory with an invertible dimension, M be 3-
manifold, Σ be the boundary of M and T0 be a triangulation of Σ. For every oloring
c0 ∈ Col(T0) and for every homotopy lass x ∈ [M,BG]Σ,xc0 , where xc0 ∈ [Σ, BG]
is obtained from c0, the vetor :
HTV
(G,p)
C (M, c0, x) = ∆
−n0(T )+n0(T0)/2
C
∑
c∈Colc0,x(T )
wcWc ∈ VC(Σ, T0, c0)
is an invariant of the triple (M,x, c0). We have the following equality:
(8) TVC(M, c0) =
∑
x∈[M,BG]Σ,xc0
HTV
(G,p)
C (M, c0, x) .
The vetor HTV
(G,p)
C is the (G, p)-homotopial Turaev-Viro invariant. The ho-
motopial invariant dened in [3℄ is the (ΓC , |?|)-homotopial Turaev-Viro invariant.
5. Maximal deomposition of the Turaev-Viro invariant
Every graduation of a spherial ategory denes an homotopial Turaev-Viro
invariant and a splitting of the Turaev-Viro invariant. We will ompare these
homotopial invariants. Throughout this Setion, C will be a spherial ategory.
Let (G, p) and (H, q) be two graduations of C. A morphism of graduation f from
(G, p) to (H, q) is a group morphism f : G→ H suh that the diagram:
ΛC
p //
q
  A
AA
AA
AA
A
G
f~~
~~
~~
~~
	
H
ommutes. Notie that in the ategory of graduations of C, where objets are the
graduations of C and morphisms are the morphisms of graduation, the universal
graduation is the unique initial objet (up to isomorphism).
Lemma 5.1. Let T be a simpliial omplex, C be a nitely semisimple tensor
ategory, (G, p) and (H, q) be two graduations of C and f : (G, p) → (H, q) be a
morphism of graduation. The morphism of graduation f indues the following map:
F : ColG(T )/G
G
T → ColH(T )/G
H
T(9)
[c] 7→ [f ◦ c] .
10 JÉRÔME PETIT
Proof. Let us show that the map (9) is well dened. First sine f : G → H is a
group morphism then for every G-oloring c, fc is a H-oloring. Let us show that F
does not depend on the hoie of the representative. Let c ∈ ColG(T ) and δ ∈ GGT ,
for every oriented 1-simplex (xy), one gets:
f(cδ)(xy) = f(δ(x)c(xy)δ(y)−1)
= fδ(x)fc(xy)(fδ(y))−1
= (fc)fδ(xy) .
Thus the map F is well dened. 
Lemma 5.1 asserts that if there is a group morphism between two graduation
then we an relate the set of olorings (up to gauge ations) sine the homotopial
Turaev-Viro invariants are state-sum invariants indexed by the set of olorings, we
an relate those invariants.
Theorem 5.2. Let C be a spherial ategory with an invertible dimension, M be
a 3-manifold, Σ be the boundary of M , T0 be a triangulation of Σ. For every
graduations (G, p) and (H, q) of C suh that there exists a morphism of graduation
f : (G, p)→ (H, q), we have:
(10) HTV
(H,q)
C (M,x, c0) =
∑
y∈F
−1
(x)
HTV
(G,p)
C (M, y, c0)
where F : [M,BG]→ [M,BH ] is the map indued by f (Lemma 5.1).
Proof. Let us reall that for every oloring c0 ∈ Col(T0) and for every homotopy
lass x ∈ [M,BH ]Σ,x0 where x0 ∈ [Σ, BH ] is the homotopy lass obtained from c0
the vetor HTV
(H,q)
C (M,x, c0) is the state sum:
HTV
(H,q)
C (M,x, c0) = ∆
−n0(T )+n0(T0)/2
C
∑
c∈Col(H,q),c0 ,x
wcWc
Using Lemma 5.1, we have the map:
F : ColG(T )/G
G
T → ColH(T )/G
H
T
[c] 7→ [fc] ,
the map F indues a map F : [M : BG] → [M,BH ] (Proposition 4.1). It follows
that for every c ∈ Col(H,q),x,c0(T ) we have : c ∈ Colc0(T ) and F ([pc]) = [fpc] = [qc]
thus the homotopy lass y ∈ [M,BG] dened by [pc] belongs to the set F−1(x).
We have shown that : Col(H,q),x,c0(T ) ⊂
∐
y∈F−1(x)
Col(G,p),y,c0(T ). Let us show
that for every y ∈ F−1(x) and for every c0 ∈ Col(T0) we have : Col(G,p),y,c0(T ) ⊂
Col(H,q),x,c0(T ). Let c ∈ Col(G,p),y,c0(T ), it follows that c ∈ Colc0(T ) and [qc] =
[fpc] = F ([pc]), sine y ∈ F−1(x) one gets that the homotopy lasses dened from
the lass [qc] is x. It follows:
HTV
(H,q)
C (M,x, c0) = ∆
−n0(T )+n0(T0)/2
C
∑
c∈Col(H,q),c0,x
wcWc
= ∆
−n0(T )+n0(T0)/2
C
∑
y∈F−1(x)
∑
c∈Col(G,p),c0,y
wcWc
=
∑
y∈F−1(x)
HTV
(G,p)
C (M, y, c0) .

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Notie that if we onsider the trivial graduation we obtain the Turaev-Viro in-
variant.
By denition of the universal graduation and using Theorem 5.2, we an onlude
that the splitting given by HTV
(ΓC,|?|)
C is maximal.
Corollary 5.3. Let C be a spherial ategory with an invertible dimension, M be
a 3-manifold, Σ be the boundary of M and T0 be a triangulation of Σ. For every
graduation (G, p) of C, one gets:
TVC(M, c0) =
∑
x∈[M,BG]
HTV
(G,p)
C (M,x, c0) ∈ VC(Σ, T0, c0)
with c0 ∈ Col(T0), and
HTV
(G,p)
C (M,x, c0) =
∑
y∈F−1(x)
HTV (ΓC,|?|)(M, y, c0) ,
where F is the map indued by the universal graduation (ΓC , |?|).
Example. Lens spaes L(p, q), with 0<q<p and (p,q)=1, are oriented ompat
3-manifolds, whih result from identifying on the sphere S3 = {(x, y) ∈ C2 | |x|2 +
|y|2 = 1} the points whih belong to the same orbit under the ation of the yli
group Zp dened by (x, y) 7→ (wx,wqy) with w = exp(2iπ/p).
A singular triangulation of L(p, q) is obtained by gluing together p tetrahedra
(ai, bi, ci, di), i = 0, ..., p− 1 aording to the following identiation of faes (i+ 1
and i+ q are understood modulo p):
(ai, bi, ci) = (ai+1, bi+1, ci+1)(11)
(ai, bi, ci) = (bi+q, ci+q, di+q)(12)
The identiation of (11) an be realized by embedding the p tetrahedra in Eu-
lidean three-spae, leading to a prismati solid with p + 2 0-simplexes a, b, ci,
2p external faes, 3p external edges and one internal axis (a, b). Then formula
(12) is interpreted as the identiation of the surfae triangles (a, ci, ci+1) and
(b, ci+q, ci+1+q). A oloring of L(p, q) is determined by the olors of the edges :
(ab), (cici+1) and (bci) suh that the triple is admissible. From now on, a oloring
c of L(p, q) will be denoted by (c(ab), c(cici+1), c(bci)) .
In [3℄, we have shown that for the ategory of representation of Uq(sl2) with q
root of unity, there are two homotopial lasses in [L(p, q), BZ2] and we have:
TVUq(sl2)(L(p, q)) = ∆
−2
Uq(sl2)
∑
c=(X,Z,Yi)
wcWc
= ∆−2Uq(sl2)


∑
c=(X,Z,Yi)
|X|=1
wcWc +
∑
c=(X,Z,Yi)
|X|=−1
wcWc

 .(13)
whereHTV0(L(p, q)) (resp. HTV1(L(p, q))) is the state sum∆
−2
Uq(sl2)
∑
c=(X,Z,Yi)
|X|=1
wcWc
(resp. ∆−2Uq(sl2)
∑
c=(X,Z,Yi)
|X|=−1,|X|p=1
wcWc). The state sum HTV0 is the homotopial
Turaev-Viro invariant for the trivial homotopy lass, and HTV1 is the homotopial
Turaev-Viro obtained for the other homotopy lass.
Let us desribe the deomposition of the homotopial Turaev-Viro invariant de-
ned for a graduation (G, p) of Uq(sl2). Using the universal property of the grad-
uator, one get a morphism of graduation: f : (G, p) → (Z2, |?|). This morphism
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indues a map: F : [L(p, q), BZ2] → [L(p, q), BG] and Corollary 5.3 gives the
following equality:
HTV
(G,p)
Uq(sl2)
(M,x, c0) =
∑
y∈F−1(x)
HTV
(ΓC,|?|)
Uq(sl2)
(M, y, c0) ,
6. The Turaev-Viro HQFT
In the present Setion, we reall the onstrution of the Turaev-Viro TQFT and
we will show that for every graduation of a spherial ategory, we an obtain a
Turaev-Viro HQFT whih splits the Turaev-Viro TQFT. Furthermore we will show
that the splitting obtained using the universal graduation is maximal. Throughout
this Setion C will be a spherial ategory.
6.1. The Turaev-Viro TQFT.
Cobordisms ategory. Let Σ and Σ′ be two oriented losed surfaes, a obordism
from Σ to Σ′ is a 3-manifold whose boundary is the disjoint union : Σ
∐
Σ′. Let M
and M ′ be two obordisms from Σ to Σ′, M and M ′ are equivalents if there exists
an isomorphism between M and M ′ suh that it preserves the orientation and its
restrition to the boundary is the identity.
The obordism ategory is the ategory where objets are losed and oriented
surfaes and morphisms are equivalent lasses of obordisms. The obordism ate-
gory is denoted by Cob1+2. The disjoint union and the empty manifold ∅ dene a
strit monoidal struture on Cob1+2.
TQFT. A TQFT is a monoidal funtor from the obordism ategory to the ate-
gory of nite dimensional vetor spaes.
Let us reall the onstrution of the Turaev-Viro TQFT. Let Σ be an oriented
losed surfae and T be a triangulation of Σ. We assoiate to the pair (Σ, T )
a vetor spae VC(Σ, T ) =
⊕
c∈Col(T )
⊗
f∈T 20
V (f, c), where V (f, c) = HomC(1, c(01) ⊗
c(12)⊗c(20)) for every f = (012). The vetor spae V (f, c) does not depend on the
hoie of a numbering whih respets the orientation. Sine the ategory C is the
semi-simple, the vetor spae VC(Σ, T ) is dual to VC(Σ, T ), the duality is indued
by the trae of the ategory ([5℄, [2℄ and [3℄).
Let Σ (resp. Σ′) be an oriented surfae endowed with a triangulation T (resp.
T ′) and M be a obordism from Σ to Σ′, for every olorings c ∈ Col(T ) and c′ ∈
Col(T ′) we have the following vetor : TVC(M, c, c
′) ∈ VC(Σ, T, c)⊗VC(Σ′, T ′, c′) ∼=
VC(Σ, T, c)
∗ ⊗ VC(Σ′, T ′, c′). The vetor spaes VC(Σ, T, c) and VC(Σ′, T ′, c′) are
nite dimensional vetor spaes, thus we an build the following linear map :
TVC(M)c,c′ : VC(Σ, T, c)→ VC(Σ
′, T ′, c′) ,
thus the matrix
(
TVC(M)c,c′
)
c∈Col(T ),c′∈Col(T ′)
denes the following linear map :
[M ] =
(
TVC(M)c,c′
)
c∈Col(T ),c′∈Col(T ′)
: VC(Σ, T )→ VC(Σ
′, T ′) .
By onstrution of the Turaev-Viro invariant (Theorem 1.8 [5℄), we have the follow-
ing relation : [M ′ ∪Σ′ M ] = [M ′] ◦ [M ] and the map [Σ× I] : VC(Σ, T )→ VC(Σ, T )
is an idempotent denoted by pΣ,T . We set VC(Σ, T ) = im(pΣ,T ) and for every
obordismM : Σ→ Σ′ we denote by VC(M) = [M ]
im(pΣ,T ) the restrition of [M ] to
im(pΣ,T ). It follows that the vetor spae VC(Σ, T ) is independent on the hoie of
the triangulation T . From now on, we will denote by VC the Turaev-Viro TQFT,
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for every losed surfae Σ we denote by VC(Σ) the vetor spae assoiated to Σ and
for every obordism M we denote by VC(M) the linear map assoiated to M .
6.2. The Turaev-Viro HQFT.
B-manifolds. Let B be a d-dimensional manifold, a d-dimensional B-manifold is
a pair (X, g) where X is losed d-manifold and g : X → B is a ontinuous map
alled harateristi map.
A B-obordism from (X, g) to (Y, h) is a pair (W,F ) where W is a obordism
from X to Y and F is a relative homotopy lass of a map from W to B suh that
the restrition to X (resp. Y ) is g (resp. h). From now on, we make no notational
distintion between a (relative) homotopy lass and any of its representatives.
Let (W,F ) : (M, g) → (N, h) and (W ′, F ′) : (N ′, h′) → (P, k) be two B-
obordisms and Ψ : N → N ′ be a dieomorphism suh that h′ψ = h. The
omposition of B-obordisms is dened in the following way: (W ′, F ′) ◦ (W,F ) =
(W ′ ∪W,F.F ′), where F.F ′ is the following homotopy lass :
F.F ′(x) =
{
F (x) x ∈W
F ′(x) x ∈ W ′
Sine h′Ψ = h, the map F.F ′ is well dened.
The identity of (X, g) is the B-obordism (X × I, 1g), with 1g the homotopy
lass of the map:
X × I → B
(x, t) 7→ g(x)
The disjoint union of B-obordisms is dened in the same way of disjoint union
of obordisms.
The ategory of d+1 B-obordisms is the ategory whose objets are d-dimensional
B-manifolds and morphisms are isomorphism lasses of B-obordisms. The ate-
gory of d + 1 B-obordism is denoted by Hcob(B, d+ 1), this is a strit monoidal
ategory.
HQFTs. A d+1 dimensional HQFT with target spae B is a monoidal funtor from
the ategory Hcob(d+ 1, B) to the ategory of nite dimensional vetor spaes.
The vetor spae obtained from a B-manifold only depends (up to isomorphism)
on the manifold and the homotopy lass of the harateristi map ([3℄).
6.3. The onstrution of the Turaev-Viro HQFT. In [3℄, we have built the
Turaev-Viro HQFT using the universal graduation. To build this HQFT we use the
homotopial Turaev-Viro invariantHTV
(ΓC ,|?|)
C . Sine we have built an homotopial
Turaev-Viro invariant for every graduation (G, p) of a spherial ategory C, we will
obtain in the same way a Turaev-Viro HQFT. In this ase the target spae will the
lassifying spae of the group of the graduation. Throughout this Setion, (G, p)
will be a graduation C.
From now on, for every homotopy lasses x ∈ [Σ, BG] and x′ ∈ [Σ′, BG] we
denote by [M,BG](Σ,x),(Σ′,x′) the set of homotopy lasses of [M,BG] suh that the
homotopy lass of the restrition to Σ (resp. Σ′) is x (resp. x′).
For every oriented surfae Σ endowed with a triangulation T , we have the fol-
lowing deomposition:
VC(Σ, T ) =
⊕
x∈[Σ,BG]
⊕
c∈Col(G,p),x(T )
VC(Σ, T, c) =
⊕
x∈[Σ,BG]
VC(Σ, T, x) ,
with VC(Σ, T, x) =
⊕
c∈Col(G,p),x(T )
VC(Σ, T, c).
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Let M be a obordism from (Σ, T ) to (Σ′, T ′), c be a oloring of T and c′
be a oloring of T ′. For every homotopy lass y ∈ [M,BG](Σ,xc),(Σ′,xc′), the vetor
HTV
(G,p)
C (M, y, c, c
′) ∈ VC(Σ, T, c)
∗⊗VC(Σ
′, T ′, c′) indues the following linear map
:
HTV
(G,p)
C (M, y, c, c
′) : VC(Σ, T, c)→ VC(Σ, T
′, c′) .
Let x ∈ [Σ, BG] and x′ ∈ [Σ, BG], for every y ∈ [M,BG](Σ,x),(Σ′,x′) the ma-
trix
(
HTV
(G,p)
C (M, y, c, c
′)
)
c∈Colx(T ),c′∈Colx(T ′)
denes a map from VC(Σ, T, x) to
VC(Σ
′, T ′, x′):
(
HTV
(G,p)
C (M, y, c, c
′)
)
c∈Colx(T ),c′∈Colx(T ′)
: VC(Σ, T, x)→ VC(Σ
′, T ′, x′) .
This map is denoted by
˜
HTV
(G,p)
C (M, y)x,x′.
Let Σ be a losed and oriented surfae, the inlusion Σ →֒ Σ×I is a deformation
retrat, thus there exists a unique homotopy lass y ∈ [Σ × I, BG] suh that the
homotopy lass of the restrition to Σ×{0} is x. More preisely, y is the homotopy
lass of the following map :
Σ× I → BG
(z, t) 7→ x(z).
and we have: [Σ× I](Σ,x),(Σ′,x′) =
{
1x if x = x
′ ,
∅ otherwise
. We denoted by p
(G,p)
Σ,T,x the
idempotent
˜
HTV
(G,p)
C (Σ× I, 1x)x,x.
For every losed surfaeΣ endowed with a triangulation T , we set : W
(G,p)
C (Σ, T, x) =
im(p
(G,p)
Σ,T,x) . Let M be a obordism from (Σ, T ) to (Σ
′, T ′), for every x ∈ [Σ, BG],
x′ ∈ [Σ′, BG] and y ∈ [M,BG](Σ,x),(Σ′,x′), we denote by W
(G,p)
C (M, y)x,x′ the re-
strition of H˜TVC(M, y)x,x′ to the vetor spaesW
(G,p)
C (Σ, T, x) andW
(G,p)
C (Σ
′, T ′, x′).
For every losed surfae Σ and for every triangulations T and T ′ of Σ, the linear
map W
(G,p)
C (Σ × I, 1x)x,x : W
(G,p)
C (Σ, T, x) → W
(G,p)
C (Σ, T
′, x) is an isomorphism.
Thus the spae W
(G,p)
C (Σ, T, x) doesn't depend on the hoie of the triangulation.
Similarly to [3℄, where the HQFT is obtained from HTV
(ΓC,|?|)
C , we have the
following HQFT:
Theorem 6.1. Let C be a spherial ategory and (G, p) be a graduation on C. We
set :
H
(G,p)
C : Hcob(BG, 2 + 1)→ vetk(14)
(Σ, g) 7→ W
(G,p)
C (Σ, g),
(M,F ) 7→ W
(G,p)
C (M,F ),
where the vetor spae W
(G,p)
C (Σ, g) is dened for the homotopy lass of g. The
funtor H
(G,p)
C is a 2+ 1 dimensional HQFT with target spae the lassifying spae
BG.
To obtain the splitting of the Turaev-Viro TQFT, we will use the splitting of the
idempotent whih denes the Turaev-Viro TQFT [3℄.
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Lemma 6.2. Let C be a spherial ategory, (G, p) be a graduation of C. For every
surfae Σ endowed with a triangulation T , we have :
pΣ,T =
⊕
x∈[Σ,BG]
p
(G,p)
Σ,T,x.
Proof. For every 3-manifoldM with boundary Σ, for every triangulation T of Σ and
for every oloring c ∈ Col(T ), we have : TVC(M, c) =
∑
x∈[M,BG]Σ,xc
HTV
(G,p)
C (M,x, c).
if M = Σ× I, then we have [Σ× I](Σ,x),(Σ′,x′) =
{
1x if x = x
′ ,
∅ otherwise
. It follows that
if c, c′ ∈ Col
(G,p)
x (T ) then TVC(Σ × I, c, c′) = HTV
(G,p)
C (Σ × I, 1x, c, c
′) and if
c ∈ Col
(G,p)
x (T ) and c′ ∈ Col
(G,p)
x′ (T ) with x 6= x
′
then TVC(Σ × I, c, c′) = 0. one
gets pΣ,T =
⊕
x∈[Σ,BG]
p
(G,p)
Σ,T,x. 
Using Lemma 6.2 and Theorem 8, one gets that for every graduation of a spheri-
al ategory gives a deompositions of the Turaev-Viro TQFT and the bloks ome
from an HQFT, whose target spae is given by the lassifying spae of the gradua-
tion.
Theorem 6.3. Let C be a spherial ategory with an invertible dimension and (G, p)
be a graduation of C. The Turaev-Viro TQFT VC is obtained from the HQFT H
(G,p)
C
:
VC(Σ) =
⊕
x∈[Σ,BG]
HC(Σ, x).
For every obordism M : Σ0 → Σ1 and for every x0 ∈ [Σ0, BG], x1 ∈ [Σ1, BG],
we denote by VC(M)x0,x1 the following restrition of the map VC(M):
VC(Σ0)
VC(M) // VC(Σ1)
VC(Σ0, x0)
?
OO
VC(M)x0,x1
// VC(Σ1, x1) .
?
OO
We have the following splitting:
(15) VC(M)x0,x1 =
⊕
y∈[M,BG](Σ0,x0),(Σ1,x1)
HC(M, y)x0,x1 ,
7. Maximal deomposition of the Turaev-Viro TQFT
In this Setion we will ompare the dierent deompositions of the Turaev-
Viro TQFT. The deomposition obtained from the universal graduation will be
the maximal deomposition.
Let C be a spherial ategory, (G, p) be a graduation on C, f : ΓC → G the
group morphism obtained form the universal property of the graduator (Proposition
2.1) and Σ be a losed and oriented surfae endowed with a triangulation T . For
every homotopy lass x ∈ [M,BG] the vetor spae V
(G,p)
C (Σ) is the image of the
idempotent p
(G,p)
Σ,T,x and this idempotent is obtained form the vetor HTV
(G,p)
C (Σ×
I, 1x). Using Theorem 5.2, we have the following deomposition of the vetor
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HTV
(G,p)
C (Σ × I, 1x), for every x ∈ [Σ, BG] and for every c0 ∈ Col
(G,p)
x (T0) we
have:
HTV
(G,p)
C (Σ× I, c0, 1x) =
∑
y∈F−1(x)
HTV ΓCC (Σ× I, c0, y) ,
where F : [Σ× I, BΓC ] → [Σ × I, BG] is the map indued by f (Lemma 5.1). We
have shown that Col(G,p)x (T0) =
∐
y∈F−1(1x)
ColΓCy (T0), furthermore we have:
[M,BΓC ](Σ,x),(Σ,x′)
{
∅ x 6= x′
1x x = x
′ .
It follows that:
HTV (G,p)(Σ× I, c0, 1x) =
∑
y∈F−1Σ (x)
HTV ΓC (Σ, c0, 1y) ,
where FΣ is the restrition of F to Σ. Let us take the image of the indued
idempotent, one gets:
V(Σ, x) =
⊕
y∈F−1Σ (x)
V(ΓC,|?|)(Σ, y) .
We obtain in the same way a deomposition of linear map dened by the HQFT.
It follows:
Theorem 7.1. Let C be a spherial ategory, (G, p) be a graduation of C. The
Turaev-Viro HQFT obtained from the graduation (G, p) is deomposed in the fol-
lowing way:
V
(G,p)
C (Σ, x) =
⊕
y∈F−1(x)
VΓCC (Σ, y) ,
for every losed surfae Σ, and for every x ∈ [Σ, BG], the map F : [Σ, BΓC ] →
[Σ, BG] is the map obtained from the universal graduation (Lemma 5.1).
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